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STRACT

With the maximum principle for differential equations asy
tes are made for a class of linear elliptic singular perturb
th resonant turning point behaviour in some of the independe
2 method is applied to stationary solutions of the Kolmogoro
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NTRODUCTION

In this paper we consider elliptic singular perturbations of first or-
differential operators vanishing at an interior surface of a domain. For
chlet problems of this type we construct asymptotic solutions and prove
r validity by using the maximum principle.

DE JAGER [4] considered a similar class of problems in which a para-

c boundary layer occurs at the interior surface. We will investigate
case where the first order operator has the opposite sign giving arise
rdinary boundary layers along the boundaries of the domain. For this
lem standard singular perturbation techniques do not lead to a uniquely
rmined outer solution. Similar to the method for elliptic singular per-
ation problems with turning points of GRASMAN & MATKOWSKY [3], we pose
dditional condition, so that a unique outer solution can be derived.

ng boundary layer corrections we obtain a uniform asymptotic approxima-—

; its validity is proved by estimating asymptotically the remainder
. This proof, based on the maximum principle for elliptic differential
tions, differs from the ones given by DE JAGER [4] and ECKHAUS & DE JAGER

as near the surface where the first order operator vanishes, the approx-—
e solution varies in the normal direction in a way unsuitable for apply-
the maximum principle. In this paper we construct barrier functions that

take into account the behaviour of the asymptotic solution along the
ace, so that the maximum principle will lead to meaningful results.
method requires a higher order accuracy in a neighbourhood of the sur-

The type of elliptic singular perturbations we deal with occur in prob-

from population genetics. The elliptic perturbation models the effect
andom mating, while the parameter ¢ denotes the inverse of the popula-

size. We will not attempt to give a complete description of the class
enetic problems to which our method applies, but confine ourselves to
examples: a one—locus model with migration and a two-locus model. Our
ptotic results hold for a subdomain of the continuous state space of
ible genetic distributions; the elliptic equations for these problems
nerate at the boundaries of the full domain. In general existence of
tions of this last type of Dirichlet problems is not guaranteed; see

DMAN [2,p.308].




FORMULATION OF THE MATHEMATICAL PROBLEM

We consider the Dirichlet problemfor afunction ¢(x1,...,xk,y1,...,ym;e)

:isfying the linear uniformly elliptic differential equation

1) L€¢ = €L2+-L]¢ = f(x,y;se) in Q

:h boundary values

2) ¢ = h(x,y;e) on 3Q,

ire € is a small positive parameter. The domain Q is a bounded domain in

, n = k+m, of a form such that
3) (x,y) €  1implies (x,0) € Q.

» first and second order differential operators L, and L, have coefficients

it are Holder continuous in Q,

? 9

4) L. = b, —

1 . dy. ’

=1 1 %;

5) L, = Q.. T *+ 2., m—m—— + Yoo o0 .
2 i, 5=1 1] Bxiaxj i1 =1 1] axiayjN i,5=1 1j Byiayj

‘thermore, it is assumed that

6) b(x,y) = 0 iff lyl = 0,
7) 8(x,y)°b(x,y) <0 on 3R,
m 9 _
8) ) b.(x,y)y. < -Llyl® in @,
81 i

re 6(x,y) is the outward normal to 3Q, L a positive constant independent
e and |y| the Euclidean length of y. The behaviour of the solution depends
ongly upon the first term of L, near the surface lyl = 0. We define the

nded domain T < ]Rk by




| I ={x | (x,0) ¢ Q}

tate the following lemma, which is easily proved from the definition of

‘ticity; see for example [9,p.56].

. 2.1. Let the differential operator L, be uniformly elliptic in Q5 then

perator
k a2
p i Z;] OLij(x’o) axiBX.
»] J

wformly elliptic in T.

[E MAXIMUM PRINCIPLE

For the elliptic operator LE given by (2.1) we formulate the maximum
:iple as follows: a twice continuously differentiable function ¢ satis-
: L€¢_> 0 in a domain 9 cannot have a maximum in Q; see PROTTER &
JERGER [9,p.61]. The following lemma is a direct consequence of the

wum principle.

. 3.1. If the twice continuously differentiable functions ¢ and ¢ satisfy
) IL ¢l <Ly inQ

F 1ol < v on 89, then lo] < ¥ in Q.

'. From the maximum principle and (3.1) we deduce that ¢-y cannot have
timum in © and since ¢—=Y < 0 on 3R, we conclude that ¢-¢ < 0 in Q. Simi-
r, == does not have a maximum in @ and —¢—y < 0 at 3Q, so that

<0 in Q. Combining these results we obtain |¢| < ¢ in Q. O

In the next step we give an asymptotic estimate for the solution of
), (2.2). For that purpose use will be made of so—called barrier func-—

;: Lemma 3.1 is applied with a given function ¢ as barrier function.

XEM 3.1. Let the twice continuously differentiable function ¢ satisfy




.2) L 4] <M{lyl®+e}  in 9

d |¢| < N on 30 with M and N positive constants independent of e. Then ¢
nstant K independent of e exists such that

.3) l¢] <K in Q.
OOF. We introduce the barrier function

&) V(x,y) = U(x) + Rly| + s,

which we choose R > M/L with L given by (2.8) and U(x) such that

k 32U k
.5) ' EL aij(x,O) R 2M + 2R . Z Yij(x,O) in T.
i,3=1 i 7] i,j=1

nce the coefficients aij and Yij are Holder continuous, there exists a

sitive constant F, such that

g 3%y k
.6) . ,z aij (X’Y) 9X.9X. - 2R i .Z Yij(x’y) > -F in Q.
i,]3=1 i°%] i,j=1

r Iylz > (1+ F/M)e we have

k 82U m m

.7) -pr=e{ ) a.. s——-2R ) y..}—ZR ) b.y. >

€ i,i=1 1] axiaxj i,5=1 1] =1 13

2 2
> —F + 2RL|y|” = M(|y|“+¢).

cause of the Holder continuity of aij and Yij at |yl = 0 the following
timate can be made for Iy!2 < €(1+F/M) and e sufficiently small; see
.5).

k a2U m
8L e ey) g R L vy Gey) o

1,]=1 i i,j=1

us, for ly12 < €(1+F/M) we have

.9) Ly > eM + ZRLIyl2 > M(IY12+ ).




1ly S of (3.4) is taken sufficiently large
0) Y =N on 3Q.

(3.7) and (3.9) we conclude |L€¢| < —Lew
ows that |[¢| < ¢ on 3Q. Using Lemma 3.1 we
. Since the function U(x) as well as the d
tant K can be found such that ¢ < K in Q,

theorem. [J

LLARY 3.1. Let the twice continuously diff
51y

D Lol <u(ylP+e)s(e) i 0

lo]| < Ndh(e) on 30 with 6f and 6h continuo

E <€ (80 suffictently small) and with M

0
nstant K independent of e exists such that

2a) o] < st(e) if Sh/sf 18 bounde

2b) o] < ks, (e) <f Sf/Gh 18 bounde
F. As a barrier function we take
2

v(x,y3e) = {-U(x) + RIy|” + S}8.(e)

proceed as in the proof of Theorem 3.1. [

Thus, Corollary 3.1 produces an asymptoti

), (2.2) from the asymptotic estimates of

SYMPTOTIC APPROXIMATION

Let us assume that by some matched asympt
found a formal uniformly valid asymptotic
tisfying (1.1) and (1.2). Its validity is

of ¢ = ¢as+-R into (1.1) and (1.2) yields

'(e)

ta £ and h.

that

while from (3.10) it
n the estimate [¢]| < ¥
 is bounded, a positive

completes the proof of

able function ¢(x,y;e)

itive functions for
independent of e. Then

mate for the solution of

xpansion procedure we
ximation, say ¢as’ of

as follows. Substitu-—




.1a) LR

f - Le¢as in Q,

.1b) _ R=h -9 on 3.

as
we are able to show that the right-hand sides of (4.1) and (4.2) have the
propriate asymptotic behaviour, then by application of Corollary 3.1 the
allness of the remainder term R is established. It is to be expected that
e solution of (1.1), (1.2) has a boundary layer structure, which may com-
icate the construction of a suitable function ¢as as its derivatives may
of a larger order of magnitude in the boundary layer. This difficulty is
rmounted by including (small) boundary layer corrections to the asymptotic
proximation. Depending on the shape of the domain different types of
undary layers may arise.

In the sequel we restrict ourselves to the case m=1 for convex domains
th nowhere characteristic boundaries, so that inequality (2.7) is strict-—

satisfied. These domains have the form
- +
.3) Q=1{(y)| P (x)<y<p (%), x € T}

+ +

th p(x) >0in I, p (x) = 0 on 3T and because of our method of approxima-
+ -

on p € C3(P). We consider the Dirichlet problem for the function

xl,...,xk,y;e) satisfying

k 2 k 2 2
9% ¢ %% %% 3¢
<4) e[ Z O.. s—a— * Z 28. + Y —5|~-y=—=20
i,j=1 1] axiaxj = 1 9x,9y ay2 oy
th aij’Bi’Y € Cm(ﬁ). This problem is assumed to have continuous boundary
lues
+ + -
.5) d(x,tp  (x)3e) = h™ (%) for x € T

th hlL € Cz(f). The asymptotic approximation of ¢ has the form

.6 b, CY3E) = Ug(x) + Vo(x,y3e) + V (x,y36)

th Uo(x) satisfying




0 _ .
1) . Z_ 03600 o= 0 in T
1,j=1 i
>) UO(x) = h(x) on dT,
vith
+ +,
1) Vg(x,y;e) = hi(X)eXP[p (x){E (X)+y}],
eq” (x)
+ X api Bpi * X E)pi * * "+ *
A P PRt ol F S
i,j=1 °%i °%; i=1 °%i

+ o+ o+ +

: aij’Bi’Y = aij,BisY(Xsip (x)).

EM 4.1. Let the function ¢(x],...,xk,y;e) satisfy (4.4) in the doi
“ned by (4.3) with boundary values (4.5). Then there exists a pos
:ant K independent of € such that

) l9=¢_ | <Ke InQ

b, given by (4.6)= (4.8).

+
. We introduce the local coordinate n = (p'(x)¢y)/e and expand Le
:ct to €,
Loz '+ M+ M+
e - & ot T Myt e
2
t_ o+ 37 = d
My =4 (x) g;i' p (x) 50 °

1+

2 Mﬁ, m > 0, is of the form

k 2 k 2 2
+ _ + ] + + ]
Mm ~. Z_ rijm(X> 0X.0X. .Z Sim(x) 9x,9n * tm(x) 7 "
1,3=1 1] 1=1 1 an
ot ) -0
Uy (%) 5 Tij1 = 0
itroduce additional boundary layer terms
~ + - + -
)) ¢, (Fsy3e) = U+ Vo (x,n) + Vy(x,n) + elV, (x,n)+ V, (x,n)} +

+ ez{V;(x,n)+-V;(x,n)}




th Vi satisfying

.la) Mgvg =0, VE(X,O) = ¥ (x),
tot _ ot +
A1b) MoV = MV, V| (x,0) = 0,
v oo oafyt - vt *(x,0) = 0
.11¢) MoV, = -MV) 5Voe Vz(x, ) s

.11d) Vi(x,n) >0 as n-+w, i=0,1,2.

+ . + . .
e expression for Vi we gave in (4.8); V. with i > 0 is of the type

2i ) +

.12) Vi(x,n) = Z Ai'(X)nJ exp{— P fx)n}.
. j T
3=l q” (x)

~

tR= ¢_$as' By straightforward calculation one finds that a constant ﬁ
ists such that ILsﬁl < Mez in Q, while also |§| < Ne on 39 for some N > 0.
om Corollary 3.1 we conclude that |R| < Ke in @ for some K. Finally, the
oof is completed by checking the additional boundary layer terms eivif

= 1,2 which are 0(e) in Q. 0O

MARKS. When making higher order approximations, one has to take into ac-
unt corner layer contributions in an e-neighbourhood of (x,0), x € aT.

e higher order terms for the outer— and boundary layer expansions follow
om the fundamental iteration process (see [1]) with an additional equation

the type (4.7a) for the terms of the outer expansion.

APPLICATION TO PROBLEMS IN POPULATION GENETICS

A population consisting of different genotypes with random mating can
described by stochastic as well as by deterministic mathematical models.
will deal with a deterministic model, a diffusion equation known as the
lmogorov backward equation, being thé limit of a stochastic model as the

pulation size increases indefinitely; see MARUYAMA [6,p.221]. Our asymp-
tic analysis applies to the stationary solution of the Kolmogorov back-
rd equation of a certain class of genetic problems. We will give two

lustrating examples,




’)LE 5.1. We consider a diploid population with two alleles a and A at
.ocus divided into two colonies of each N individuals. Let P; denote
‘raction of allele A at colony i. Assuming random mating without selec—
or mutation and with nett migration proportional to the difference in

7e obtain the Kolmogorov backward equation

PPy 5% | P21 Pp) 524 "y 28, , 24
2N 2 2N 2 Py Po5p. T MR TPy )5
Bpl sz 1 2

) 3% _
ot

: ¢(pl,p2,t) denotes the probability density of the fractions p; at

t. This equation holds in the square S = {(pl,pz) | o< Pys Py< 1}

:itution of

' x=p +tp,~1, y=p;-p,

iforms the stationary equation of (5.1) into

2 2 2

[ 2_2.(3% . 3% 3% 3¢

el (1=x"-y )(———-+ -——) -8xy ——| -y —=0, e = 1/(4uN),
L x> oy 9%y yy

domain Q = {(x,y) | |xty| < 1}. We consider the Dirichlet problem of

with O < € << 1 for a subdomain Q. < Q of the form

8

25 = 1(x,y) | Iyl <1 - Vx2=52+25, |x| < 1-6}

boundary values h on 896. Equation (5.2) relates a point (X,y) € Q to
istribution of alleles at some time. Let Ps €(x,y;xo,yo) denote the
3

bility density of leaving QG the first time at (x,y) € 3Q, if starting

§
s¥n) € Q.. The following relation between p and ¢, is known to be
0’70 S §,e

fag p6’€(X9y;X03yO)h(X’Y;E)dU = ¢(X03y0;€)
§

do denotes a positive measure on 895; see MATKOWSKY & SCHUSS [7]. If

O) is chosen in the outer region of 95 the system leaves QG at either

nt of 896 with x < -1+28 or with x > 1-2§ with probabilities that tend
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1—6—x0 1-8+x

,6ab) pr(left exit) = 555 pr(right exit) = 0

2-28

¢ - 0. This result is derived from (5.5) by choosing appropriate boundary
lues h. As § >~ 0 this asymptotic result tends to the exact solution of the

blem for the full domain with arbitrary € > O.

\MPLE 5.2. A population of N diploid individuals, each characterized by

; genotype with respect to two loci and with two alleles at each locus,
described by the fractions of gametes of types AB, Ab, aB and ab. Let

:se fractions be denoted by P;» i=1,2,3,4. In case of random mating such

stem is modeled by the Kolmogorov backward equation

£ 4o 4N Bpi iZ1 j=i+1 2N 9p;dp;
- _ (3¢ _ 3¢ _ 939
ulpy (1=p; 2, Pp3) P2p3}\3p1 ~ 3, op,

a domain S ='{(p1,p2,p3) I p; > 0, P;+Py*Pg < 1}. Substitution of
.8) Pl = X]X2+Y9 P2 = X](l—xz)—Y’ P3 = (]_Xl)xz_y

ansforms the equation for the stationary problem into

2 2 2 2 -

e Y09 _ 9 ¢ LK)

-9) E[.z {Xi(l x5+ 2y(d in)ax.ay}+2y 3% 9%
1=1 axi i 1772

2
* {Xlxz(]"xl)(l‘xz)‘*’Y(1—2x1)(1—2x2)—y2 2_;421]_}, g%= 0,

e = 1/(2+4Ny),

ile the domain S transforms into a domain @ satisfying (2.3), (2.7) and
.8). Again we consider the Dirichlet problem of (5.9) with 0 < € << 1 for
subdomain Qé c Q with 896 bounded away from 30 and with 396 - 3Q as 6~>0.
the limit € > O the probability of leaving 96 at some point of 896, if
arting at the outer region of 96’ depends according to formula (5.5)

tirely on the function U(X],XZ) satisfying
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2 2

9 U o U .
la) x](l—xl)——§-+ xz(l—x2)~—§-= 0 in P6= {(XL’XZ)I (x],xz,O) € 96}
9xX 9X
1 2
b) U=h on T,

: h is some appropriately chosen boundary value. Using this result one

rove that for € -+ 0 the two-locus system, if starting in the outer

m of Q, tends to linkage equilibrium (y= 0) along the subcharacteristic
by choosing an appropriate domain Qn with n arbitrary small but in-

dent of €; see Figure 1. For a more extensive discussion of this prob-—

re refer to LITTLER [5].

(XO ,Yo)

1 The path towards linkage equilibrium as e = O.

KS. The asymptotic solution (5.10) for the outer region tends to a

.ar limit as § > 0. From this limit expression one may derive the
1bility of first fixation of a specified allele in a same manner as

-nd the probability of loosing either one of the two alleles in Example
‘rom (5.6) by letting § - 0. Finally it is mentioned that for both

yles more accurate approximations can be obtained by computing the next
3 of the asymptotic expansion in € as we remarked in Section 4. In

yle 5.2 this would lead to new quantitative results for linkage dis-

librium when € is small; see also OHTA & KIMURA [8].
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